‘4and 5 show the case in which the cir- 
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have an imaginery intersection. The two cases after projection are illustrated 


in figures 2, 3, 4 and 5. In figure 3, one 
conic Jay within the other so that after 
projection one circle will be within the 
other and vur locus is easily proved to 
be an ellipse with C and C’ the centers of 
the given circles as foci. Moreover the 
ellipse is tangent to the lines connecting 
C and C’ with the focvids (Scott's Modern 
Analytical Geometry, Arts. 129-130; Sal- 
mon’s Conic Sections, Art. 258) Figures 


cles after projection, intersect in real 
points. One set of circles will give an 
hyperbola and the other an ellipse as 
the locus. If in figures 2 and 3, the two 


given circles have equal radii, the locus of the light lined circles will be a straight 


line perpendicular to the line connecting the 
centers. 

If now we imagine one of the conics 
in figure 1 contracted to a point we shall 
have another proposition, viz : 

If a conic be described tangent to a 
given conic and passing through two fixed 
points on that conic, and also passing through 
some other given point, the locus of the pole 
with reapect to the varying conic of the chord 
connecting the first two points is a conic tan- 
gent to the lines connecting them with the 
third point. and also tangent to the lines 
connecting them with the pole of the chord 
with respect to the given conic. 

This is another seemingly compli- 


cated and difficult proposition, but itis easily proved by projection. In figure 6, 


and B into the focoids and ACDB in- 


let A and B be the two pvints on the 
conic ACDB. Let P be the third 
given point. An infinite number of 
conics may be drawn through A, B 
and P and tangent to ACDB. The 
heavy lined conic in figure 6 is one of 
these. We must prove then that the 
locus of Jf as the variable conic 
changes is a conic tangent to PA, PB, 
NA and NB. As before, project A 


| 
|Y4 
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to a circle. The system of conics through P, A, and B and tangent to ACDB will 
then be a system of circles. 

There will be two cases in this proposi-. 
tion. We may take the given point within or 
without the conic. Figures 7 and 8 show the 
two cases after projection. P and C are the 
projections of P and N respectively. The 
proposition will now read: ‘‘The locus of 
the centers of a system of circles passing 
through a given point and tangent to a given 
circle is a conic having the given point and 

: the center of the given circle for foci.’’ In 
figure 7 when P is within the circle the 
locus is an ellipse. In figure 8, the locus 
is an hyperbola. We may have a third 
case if we imagine P upon the circum- 
ference of the circle. In that case the 
locus is a straight line through C and P. 

Having proved this descriptive 
property after projection, it must be 
true before. Hence our general propos- 
ifion is proved, and in the same manner 
that figures 2, 3, 4, and 5 are special 
cases of figure 1, so are figures 7 and 8 
special cases of figure 6. 
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AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION. 


By JOS. V. COLLINS, Ph. D., Stevens Point, Wis. 


{Continued from November Number. } 


CHAPTER IV. 
COMBINATORY MULTIPLICATION. 


35. DEFINITION.—A product containing only units of the same system as 
factors and such that if the last two factors (called simple factors) are inter- 
changed the sign of the product is changed is called a combinatory product. 

Thus if E (not equal to 0) is a product of units and ¢,, e, are units, and 


[Ee,e,]+[Ee,e, ]=0, 


the product [Ee,e,] is a combinatory product. 
36. In the combinatory product [Abc] in which A is any product of a series 


. of factors and b and c are simple factors if b and c are interchanged, the sign of the 


product is changed. 

Proor. 1. Suppose b and ¢ at first to be units. Since A is any series of 
factors and these factors are numerically derivable from the units, we may write, 
after removing the coefficients (by 28), A=2a,E,, where E, are products of the 
units. Substituting 


[Abe] 2a,[E,cb] (29) 
(16, 11) (35). 


2. Next supposing b and ¢ to be not units but numerically derivable from 
them. Let b=28,e,, c—2y,e,. Then 


[Abc] + [Acb]=[A. 23,¢,. + [A . 27 rer. 
(28) 
(16) =O (by 1 above). 


37. In a combinatory product one can interchange any two successive simple 
factors providing the sign of the product be changed, that is to say 


[AbcD]+[AcbD]=0, 


where A and D are any factor series, and b and c are simple factors. 


} 
a 
e 
ig 
J 


[AbeD]+[AcbD]=[{ Abe} D] + [{ Acb}D] (13, Rem.) 
—=[([Abe] + [Acb])D] (25) =0.. ......... (36), 


38. In a combinatory product one can interchange any two simple factors by 
changing the sign of the product. 

Thus, Pa, a: 

Proor.—Suppose n factors lie between a and b. Then n interchanges of 
adjacent factors will bring 6 into position next to a. After that n+1 interchanges 
of a with adjacent factors will but bin a’s place and a in b’s place. Thus there 
would be 2n+1, or an odd number of changes of sign (37). Hence, ...... 

39. Derinition.—If each of two series of quantities contain a and 6 once 
and but once and a stands before b in both or after b in both, then these quanti- 
ties in those series are said to be similarly arranged ; otherwise they are said to 
be oppositely arranged. 

40. Two combinatory products, which contain the same simple factors but in 
different order, are equal to each other or opposite in vulue according as the number 
of oppositely arranged pairs of factors is even or odd. 

Thus, Q=(—1)’P, where P and Q are the two products and r is the num. 
ber of oppositely arranged pairs of factors. 

Proor.—If every pair of adjacent factors in Q were similarly arranged in 
P and Q, then, evidently, P and Q would be identical, and there would be no 
oppositely arranged pairs of factors in the two. If then there are oppositely ar. 
ranged pairs of factors in P and Q, there must be at least one pair of factors ad- 
jacent in Q, which, as compared with the same in P, is oppositely arranged. 
Suppose after this pair of factors is interchanged in Q we call the result Q,. Then 
Q,=—Q. (37). Evidently P and Q, will-have one less pair of oppositely arrang- 
ed factor pairs than P and Q. Thus if r wae the number at first, Q, and P will 
have r—1 such pairs. Ifr is not 1, there must be another such factor pair in Q, 
and P. Repeating the operation we get Q,=(—1)*Q. If therefore there werer 
oppositely arranged factor pairs at first, 


Q=(-1yP. 


41. If B is a combinatory product containing r factors and C one containing 
8 factors, then 


[ABC]=(—1)"[ ACB}. 


Proor.—Let C=c,¢, ..... c, Then since there will be a change of sigh 
(37) each time c, interchanges with one of the r factors of B, 
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42. If A, B, C are products containing respectively q, r, 8 factors, then from 
the preceding article it is plain that 


[ABC] [CBA]. 


43. If two simple factors of a combinatory product are equal, the product is 
zero. 

Then, if b=a, Pg, 

44. A combinatory product equals zero if a numerical relation exists between 
its simple factors. 


Let a,==a,a,+@,a,+ ..... Then 
Gy |+a,[asa,a,...... Cah (29) 
45. The combinatory product of n simple factors which are numerically de- 
rivable from the n quantities a,,@,, ..... a, equals the determinant formed from 
the numerical coefficients in their values times [a,a,... ..a,]. Thus 
Aen 
WEE a, | 


where the n subscripts s, t, ...... w assume in turn all the values from 1 to n. 
Now those terms of the distributed product in which two or more of the a’s are 
equal disappear by (43). There remains then only those terms which contain 
all the a’s used each once. We have now 


where r denotes the number of pairs of factors in the left member oppositely ar- 
ranged as compared with [a,a,a,...... a,]. But this is the law which deter- 
mines the sign of any term of a determinant. See ¢. g. Salmon’s Higher Algebra, 
8, 
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46. Derinition.—By the multiplicative combinations of a series of quanti. 
ties are meant those products which are their combinations without repetition. 
The simple factors are called the elements of the combination. 

47. Every combinatory product of m factors which are numerically expressed 
in terms of the n independent quantities a,, @,, ..... a, is numerically expressible 
in terms of the multiplicative combinations of the mth class of a,...... a,, and each 
of these combinations has for its coefficient the determinant formed out of the m® nu. 
merical coefficients belonging to its m elements. Thus, 


where r<s<...... 

Proor.—Evident from that of Art. 45. 

48. Ifa,.... Gp, are independent, then their multiplicative combinations 
of any particular class are independent. 


Proor.—Let aA+fB+...... =(, in which A, B, ...... are the multip- 
licative combinations of any one class furmed out of a,...... a, and @, ...... 
are numbers. Let ns multiply the equation through by A’, the product of all 
the factors not found in A. Then B,C, ..... would each contain one or more 
of the elements of A’, and the products [BA’], [CA’], ...... would each equal 
zero (43). Then we have a[AA’]=0. Now, [A4A’] is not equal to zero. Hence 
a=Q0. In the same way we can prove that 3,7, ...... must each equal zero, 
Hence there can be no such equation as aA+B+...... =0, which expresses a 
dependence between A, B, ...... are independent. 


49. A combinatory product remains constant when to any simple factor an 
arbitrary multiple of another is added. 

Proor..—Pa, b+qa=Pa, ot+qPa, a (29) =Pa, » (48). 

50. Derrnition.—If from a series of quantities a second is derived by add- 
ing to any quantity a multiple of an adjacent quantity, then the first series is 
said to be changed into the second by a simple linear alteration. If the operation 
is repeated it is called a multiple linear alteration. 

From what we saw in 49, it appears that the value of a quantity is not af- 
fected by linear alteration. 

51. Derinittion.—The multiplicative combinations of the original units of 
the mth class is called a unit of the mth order, and a quantity numerically de. 
rived from such units is called a quantity of the mth order. 

The space derived from the simple factors of a quantity (17) is called 
the space of this quantity. A quantity is subordinate to another if its space is. 

52. DerinitIonN.—The outer product of two units of a higher order is ob 
tained by merely uniting their simple factors into a combinatory product. 
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53. In order to multiply two simple quantities, [ab...... ] and [cd..... h 
it is sufficient to unite their simple factors taken in order into a single combinatory 
product [ab...... 

Proor.-—Let ¢,...... én be the origina! units, and let a=2a,e,, b= Zipep, 
c=2 Then 


=[ab...... ] 


54. CoroLLary To 53.—If a simple quantity A is subordinate to B (18), 
then B may be written B=[AC], where C is a simple factor. 


55. To show that [A(BC)]=[ABC], 7. e¢. to show that the associative law 
holds. 


Proor.—1. When 4, B, and C are the products of simple factors, the 
truth of this case follows readily from 53. 


2. When A, B, and C are sums of simple quantities, A=2A,, B=2B,, 


=2[A,B,C,] (By 1, above) (28) =[ABC]. 
[To be Continued. ] 


ASOLUTION OF THE OBLIQUE TRIANGLE GIVEN TWO SIDES 
AND THE INCLUDED ANGLE. 


By H. C. WHITAKER, Ph. D.. Professor of Mathematics, Manual Training School, Philadelphia, Pa. 


Take the data to be b, c, A. 
p(cotA+cotB)=c. 
Divide by p=—bsinA and transpose cotA. 
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c bsinA 


Find logarithm of bsinA in the column for a; then inthe column for B, 
c 
bsinA 
cotangents. 

If a solution wholly logarithmic is desired, take 


find as a logarithm, then as a number; to find B, use the table of natural 


tang sinAsind _bsinA 


INTEGRATION OF ELLIPTIC INTEGRALS. 


By GEORGE B. McCLELLAN ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High Schoool, 
Chester, Pa. 


(Continued from November Number. } 


Since all the expressions in the form of 


sin*Acos*+! 6(1—e*sin®? 
0 


(where a, b, c are integers), we will not consider them in our subsequent treat- 
ment. From (13,) we have, 


sin* 1. 
VY (—e®sin® 4) [Fle Ele, (3) 


If n=0 in (10,), Ag=#[(1+e*)/e]A,—44,. 


cos2pdp 
(1+e? — 2ecos@)t 


oV 


we 
: 
J 
‘ 
0 
4 ; 
A 


(3) 
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+e? Fle, $7) —2(1+6*) He, 47)]...... (14,). 


+¢*)sin*4 
S, (1—e®sin® 4) 


= 47) —2(1+e*)E(e, 47)].....- (15,). 


sint6dd dé sin? 
ee 4e* Vv (1—e®sin®0) (1—e?sin? 21-46) V (1—e?® sin? 4) 


o (l—e?sin®?@) 


fis 


= 


‘*, From (1) and (3) by substitution we get, 


sin‘*éd0 


yr (e, Ele, (5). 


o V (l—e®sin??) Jo o V (l—e®sin2@) 
*. From (3) and (5) by substitution we get, 


sin? 6cos® 


o V Jo (l—e*sin?@) o V (l—e®sin® 4) 


‘, From (4) and (6) by substitution we get, 


cos* 


—5e? +8e*) Fle, $7)]..... (7). 


(15,) may be written as follows : 


dé 


sin? 6cos*@d6 
o V (1—e*sin? 4) 


o V (l—e*sin® 4) 


az [(2+ Fle, 47) 477)]. 


ol, 
: 
* 
J 
= 


... From (1) and (6) by substitution we get, 

V (1—e®sin® @)sin® V (1—e?sin?0)cos? 
.'. From (2) and (8) by substitution we get, 

Let n=1 in (10,), then 


cos8 
a Jo —2ecosp)t 


~~ 157e8 


[(8+3e? +4e*)F(e, $7)—(8+ 7e? +8et)E(e, $7)]...... (16,). 


From (4,) we get 


V (i—e®sin® 4) V (i—e*sin? 4) V 


in*6d0 1 


—(8+7e? +8¢e4)Ele, 


... From (8), (6), (7) by substitution we get, 


f sin®6dé [(8 +3e?+4e*) Fle, $7) 


—(8+7e?+8e*)H(e, 47)]...... (10) 


o (l—e®sin®?#) 9 7/ (1—e*sin?@) o V (l—e®sin?) 


.'. From (5) and (10) by substitution we get, 


304 
0 
+ 
OF 
4 
{ 0 
J 
( 
3 
4e 
J 
' 
— —8e 
=. 
f iad 
V 
i 
= ] 


(9). 
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in‘ ddd 
[(8—3e? 204) Ele, —(8—Te® —e*) Fle, §7)].(11) 


.. From (6) and (11) by substitution we get, 


sin?@cos*6d4 1 
0 


—(8—13e?+3e*)E(e, $7)]...... (12). 


o V (l—e®sin?#) 7/ (1—e®sin®?#) (1—e*sin®4) 


.. From (7) and (12) by substitution we get, 


1 
i Thee [(8—23e? +23e*)E(e, 47) 


—(8—27e? +34e4—15e*) Fle, $7)]...... (13). 


(17,) may be written as follows : 


= gin? 1 
—3e [(8+3e? +4e*) F(e,47)—(8 + 7e? +8e*) E(e,47)]. 


.". From (10) and (3) by substitution we get, 
V (1l—e*sin?4)sin® Acos* 


V (1—e?sin?® V 6d6 
0 0 


-f V (1—e®sin? 4)cos4 
“0 


= 
if 
1*6) 
11,) 


From (8), (14) and (9), (14) by substitution we get, 


V (2(1+¢?—2e*) Fle, 47) 
0 e 


Ele, (18), 
V(1—etsin® + Bet) Fle, 4) 
—(2--7e* —3e*)E(e, $7)]..... (16), 
Let n=2 in (10,), then A,=$. ate Mentill. 


(48+ + + 240%) Fie, 477) 


—8(6+5e* +5e4 + 6e%)E(e, t7)]...... (18,). 


.. By symmetry from A,, A, we get, 


sin®6d0 
(1—e*®sin?0) 


= [48+ 160! + + 2468) 47) 


—8(6+5e* + 5e* + 6e*)E(e, $77)]...... (17). 
sin’ 6d6 =f" sin*6d@  gsin®@cos? ddA 
o V (l—e®sin?#) Jo (1—e?sin?@) o V 


From (10) and (17) by substitution we get, 


* sin®6cos*#d6 
o V 8 


[(48— —9e4 —8e*)E(e, 477) 


—4(12—10e? ~e4—e*)F(e, (18), 


Jo Jo (1—e*sin®) o (l—e®sin® 4) 


‘, From (11) and (18) by substitution we get, 


i 
8 —B2e? + 15e4+e* 47) 


—2(8—12e* +6%)E(e, (19). 
(To bo Continued. } 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


I saw problem 117 in a copy of Ostrander’s Arithmetic in the winter of 
1849-50, when I was nearly eleven years old, and solved it, at that time, for my 
teacher, Mr. John A. Shearer. Said Arithmetic was probably first published 
many years before that time. I herewith reproduce with the data of Problem 
117 my arithmetic solution : 

Consider an arc ab=20 inches=}${ of a rod, c being the center of the cir- 
cular farm. Then as sector acb==an acre—160 rods, we have, r—160+,5,=—32 x 
99=320 x 9.9=9.9 miles. 

Since the ratio of the areas of a circle and circumscribed square is equal 
to the ratio of their perimeters, the diameter of the required square is equal to 
that of the circle, or 9.9x 219.8 miles. 

The areas of the tracts are easily found, and agree with the results already 
given ; except, that in the first solution, 3068 is given in place of 3168, which 
leads to an area too small. 

If we lay off ab=20 inches—{4 of a rod on one side of the square (side= 
2x), c being the center, we have as for the circle, z=160+-,5,=-9.9 miles, or 2x= 
19.8 miles. But I found the side of the square, as first shown above, in my 
long-ago solution. 

It may be worth remarking that the version of Mr. Baker differs slightly 
from that of Ostrander, as I remember it. P. H. PHILBRICK. 


THE BEGINNING OF THE 20tn CENTURY. 

The question as to when the 20th century begins has received so much at- 
tention in the last three or four years, and especially within the last six months 
—arlicles having appeared in a number of the leading magazines—that a brief 
notice of it in the MONTHLY may not be out of place. 

It is strange, indeed, that so simple a question as to the time when the 
20th century begins should oceasion any controversy ; and yet there has been a 
wide and somewhat general misunderstanding about it. A few years ago, a cir- 
circular was sent out by one of our leading book publishing companies, in which 
circular it was stated that the 20th century would begin December 81, 1901. Of 
course, this may have been a typographical error. But the general belief is that 
the 20th century will begin at 12 A. M., January 1, 1900. Such, however, is 
not the case, since up to that time, only 99 years of the present century will have 
passed. The 19th century will end at 12 o’clock P. M., December 31st, 1900, 
and the 20th century will begin at 12 o’clock A. M., January 1, 1901. 

The misunderstanding of the matter has probably “arisen from neglecting 
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to note that in the process of counting, we do not begin with 0. There never was 
a yearQ. In dating our letters, we make clear this point. Suppose that on the 
second day after the Christian Era, a letter had been dated ; using our present 
conventions, the letter would have been dated January 2, 1; and this would 
mean 2 days of year one. So December 30, 1, would mean 364 days of year 1; 
and not until midnight of December 31, was the year 1 completed. As with the 
year, so with the century. December 30, 99, means 364 days, or $$% of the 99th 
year, or 98 years+364 of 1 year; December 27, 1899, means 361 days of the 
1899th year since the Christian Era, or 1898 years+361 days or 1898 years+3f} 
of 1 year, or the 361st day of the 99th year of the 19th century. 
B. F. FINKEL. 


ALGEBRA. 


95. Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 
Substitute numbers in place of the letters in the following pattern: 
A )=Blabe...... b?+c*?, a®+c*?, a®+b*; and compute the areas 
and sides of the whole nest of integral, rational triangles. 


Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 
Sides of general triangle are a? +b?, a®+c?, and b?+<c?. 
Whence A = /[(a?+b?-+c? )a*b*c?]. 
812 =a? +c? =the sum of three squares. 
When (3”)?=tke sum of three integral squares, I have found that 
Seton! the number of sets of three squares, of which — 


3714 2n—3 
4 


are prime sets 


are multiple sets. 


38"+2n—1 
4 
.’. There are 22 sets of three integral squares whose respective sums=81!, 
.'. Also, there are 22 different integral, rational triangles whose respective 
areas=8labc. 
Following are the 22 sets of three integers the sum of whose squares js 
—6561: 
1, 28, 76; 1, 44, 68; 6, 21, 78; 6, 30, 75; 6, 42, 69; 8, 16, 79; 8, 49, 64; 
9, 36, 72; 16, 23, 76; 16, 41, 68; 16, 47, 64; 17, 56, 56; 20, 44, 65; 20, 55, 56; 
21, 42, 66; 23, 44, 64; 27, 54, 54; 28, 41, 64; 30, 30, 69; 32, 49, 56; 36, 36, 63; 
and 40, 44, 55. 
From these we derive the following 22 integral, rational triangles : 
(1). Sides=785 [—12+28*], 5777 [=1°+76*], 6560 [—28*? +76? ]; ares 
=172368=81 x 1 x 28 x 76. 
(2). Sides—=1937, 4625, 6560 ; area—=242352. 
(3). Sides—=477$ 6120, 6525 ; area=796068. 


and 


But 812==(3)*; whence =22. 
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(4). Sides—936, 5661, 6525 ; area—1093500. 
(5). Sides=1800, 4797, 6525 ; area=1408428. 
Sides=320, 6305, 6497 ; area—819072. 
(7). Sides—=2465, 4160, 6497 ; area—2032128. 
(8). Sides=1377, 5265, 6480 ; area=1889568. 
(9). Sides=785, 6032, 6305 ; area=2265408. 
(10). Sides=1937, 4880, 6305 ; area—3613248. 
(11). Sides=2465, 4352, 6305 ; area=3898368. 
(12). Sides =3425, 3425, 6272 ; area==4318272. 
(13). Sides=2336, 4625, 6161 ; area—4633200. 
(14). Sides=3425, 3536, 6161 ; area—4989600. 
(15). Sides=2205, 4797, 6120 ; area=4715172. 
(16). Sides=2465, 4625, 6032 ; area—5246208. 
(17). Sides=3645, 3645, 5832 ; area—6377292. 
(18). Sides=2465, 4880, 5777 ; area=5951232. 
(19). Sides=1800, 5661, 5661 ; area=5030100. 
(20). Sides=3425, 4160, 5537 ; area-=7112448. 
(21). Sides—=2592, 5265, 5265 ; area—6613488. 
(22). Sides=3536, 4625, 4961 ; area—7840800. 
Also solved by ELMER SCHUYLER, and CHAS. C. CROSS. 


96. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 


How many different numbers may be written with the nine digits and zero, using 
them singly and in groups of from one to ten digits each, and using no figure but once in 
each group? How many more numbers may be written by repeating the digits and zero 
at pleasure in each group ? 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa.; and C. B. GOULD, Colorado College, Colorado Springs, Col. 


We will not regard zero as a number. 

(1). "P, will be used to denote the number of permutations of n things 
taken r at a time. 

Then '°P,;=10. This includes zero. 

—1=-9 when taken singly. 

10P,=—90. This includes those that have zero for the first digit, and were 
therefore included in the first group ,i. e. 9 is the sama as 09. 

Hence we proceed as follows : 

'0P,—1=10—1=49, taken 1 at a time. 

10P,—9P, ==90—9=81, taken 2 at a time. 

10P,—°P,=720—72=—648, taken 3 at a time. 

10P,—*P,—5040—504—4536, taken 4 at a time. 

10P,—9P,=30240—3024—27216, taken 5 at a time. 

10P, —°P,=151200— 15120=136080, taken 6 at a time. 

10P,—9P,=—604800— 60480—544320, taken 7 at a time. 

19P,—®P,=1814400— 181440—1632960, taken 8 at a time. 
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=3628800—362880—3265920, taken 9 at a time. 
10P, ,—*P,=3628800 —362880—8265920, taken 10 at a time. 
*, 8877690 in all. 
(2). This is equivalent to asking how many numbers less than 1000000000 
can be made with the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 0. 
*, 
9999999999 — 88776909991 122309 more by the second arrangement. 


Mr. Gould’s solution is similar to the above, but by including Mr. Zerr’s he gets as results 
8,877,691 and 10,000,000,000. 


EDITORIALS. 


The Index to Vol. V1 was prepared by Prof. J. Scheffer. 


The Monruty and any of the leading magazines may be procured at 
reduced rates. 


This number concludes Vol. VI of the Montuty. We take this oppor. 
tunity to thank our contributors for their generous codperation in making the 
journal a success ; and we hope we may rely on their help during the year 1900. 
In order that the subscription list may be increased we make this offer: An old 
subseriber sending us $3., may have his own subscription and that of a new sub. 
scriber credited up to January 1, 1901. 


The Report on Progress in Non-Euclidean Geometry which appeared in 
THe AMERICAN MATHEMATICAL MonrTBLy for October, and which is contained in 
full in the Proceedings of the American Association for the Advancement 
of Science, has also been published in full in Science for October 20, and now ap- 
pears in Popular Astronomy for November and December. An_ editorial, 
addressed to ‘‘Teachers of Geometry and Astronomy,’’ says: ‘‘We have printed 
two articles in this number to which special attention is asked.on the part of 
teachers of Geometry and Astronomy. 

The other article is by Professor Gongs Bruce Halsted, who, not long 
ago, was asked by the American Association for the Advancement of Science to 
prepare a report which was given at its Columbus meeting showing recent prog- 
ress in non-Euclidean Geometry. 

Professor Halsted has done the teachers of Geometry most excellent ser- 
vice in the preparation of this.paper. We call attention to this early, that 
teachers may read it thoroughly, so as to be acquainted with what is now going 
on among the masters in pure mathematics. The information gained will be 
helpful to those who want to be abreast with the best teaching talent of the 
present time.”’ 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


113. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Find a square number consisting of 24 figures such that the numbers formed by the 
first twelve figures and the last twelve figures, respectively, are consecutive, and vice versa. 


114. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics in Boys’ High School, 
Reading, Pa. ° 


=10a*br+3a%y 
ay =10b?y+3b5z 


#*z Solutions of these problems should be sent to J. M. Colaw not later than February 10. 


CALCULUS. 


104. Proposed by M. E. GRABER, Heidelberg University, Tiffin, Ohio. 
Find the differential equation corresponding to )/(1—z*)+)//(1—y?) 
=[a(z—y)]. 
105. Proposed by CHAS. C. CROSS, Whaleyville, Va. 


From all points in a straight line passing through the center of a given circle tan- 
gents are drawn to the circle. If the bases and vertices of all the angles thus formed are 
made to coincide ; required the equation of the curve passing through the langent points. 


#*» Solutions of these problems should be sent to J. M. Colaw not later than February 10. 


MISCELLANEOUS. 


83. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah, 


Segment’s area of a circle whose radius is 5 inches is 28.56 square inches. Find the 
chord. 


84. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


Prove that e* + e—"=2[1+2?][1+($)*][1+(%)?]..... ad infinitum. 
#* Solutions of these problems should be sent to J. M. Colow not later than February 10. 
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BOOKS AND PERIODICALS. 


On Several Classes of Simple Groups. By Dr. G. A. Miller. A Reprint‘ 
from the Proceedings of the London Mathematical Society, Vol. XXXI., No. 688, 


The Construction of County Roads and Bridges. An Address prepared for 
the Good Roads Club of Brazos County, Texas, July, 1899. By J. C. Nagle, 
Professor of Civil Engineering in the Agricultural and Mechanical College 
of Texas. 


‘Plane Trigonometry for Colleges and Secondary Schools. By Daniel A. 
Murry, B. A., Ph. D., Instructor in Mathematics in Cornell University ; Former. 
Scholar and Fellow at Johns Hopkins University. Crown 8vo. Cloth, xiii+206 
pages with a Protractor. Price, $0.90. 

The scope of this work covers the ordinary course in plane trigonometry in colleges 
and secondary schools, and treats of all the topics that one who has taken a few month’s 
course in trigonometry may reasonably be expected to know. The work begins with a 
brief treatment of logarithms, introducing the subject with a short historical sketch, 
Chapter II treats of trigonometric ratios of acute angles. A noteworthy feature of the 
book is the many historical notes by which many of the subjects are introduced. This 
feature of the modern text-book is to be highly praised, as many erroneous notions in the 
minds of students as to the development of mathematics, are thereby corrected. The ty- 
pography and mechanical execution of the book are in keeping with the scientific excel- 
lence of its contents. B. 9.2: 


The Laws of Gases. Memoirs by Robert Boyle and E. H. Amogat. Trans. 
lated by Carl Barus, Professor of Physics in Brown University. 

By translating these memoirs, the translator has made accessible to many these val- 
uable investigations.and has thus materially contributed to the advancement of science. 

B. FF, 

The Second Law of Thermodynamics. Memoirs by Carnot, Clausius, and 
Thomson. Translated and Edited by W. F. Magie, Ph. D., Professor of Physica 
in Princeton University. 8vo. Cloth, 110 pages. Chicago: The American 
Book Co. 

The contents of this book is, Reflections on the Motive Power of Heat, by Sadi Car- 
not, with biographical sketch of Carnot; On the Motive Power of Heat, and on the Laws 
which can be Deduced from it for the Theory of Heat, by R. Clausius, with a biographical 
sketch of the author; The Dynamical Theory of Heat, by Lord Kelvin, with a biographical 
sketch of Lord Kelvin. . B. F. F. 


The Fundamental Laws of Electrolytic Conduction. Memoirs by Faraday, 
Hittorf, and F. Kohlrausch. Translated by H. M. Goodwin, Ph. D., Assistant 
Professor of Physics in the Massachusetts Institute of Technology. 8vo. Cloth, 
98 pages. Chicago: The American Book Co. 

The contents of this book are, Relation of Common and Voltaic Electricity, by 
Michael Farady ; On Electro-Chemical Decomposition, by Michael Farady, with biograph- 
ical sketch of Farady ; On the Migration of Ions during Electrolysis, by W. Hittorf, with 
biographical sketch of Hittorf; On the Conductivity of Electrolytes Dissolved in Water in 
Relation to the Migration of their Components, by F. Kohlrausch, with a biographical 
sketch of the author. B. YF: 
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INDEX. 


ALGEBRA (See Solutions and Problems). 


5 ARITHMETIC (See Solutions and Problems). 
BIOGRAPHIES— 
BOOKS, Reviewed.......... 51-58, 88-90, 120-122, 148-150, 180, 203-206, 286, 275-276, 300-301 


Elements of Precise Surveying and Geodesy, by Mansfield Merriman, 57; Sta- 
tistical Methods with Special Reference to Biological Variation, by C. B. Daven- 
port, 58; Transactions of the American Mathematical Society, edited by E. H. 
Moore, E. W. Brown, and T. 8. Fiske, 58; Synthetic Arithmetic, by M.S. Cook, 
88; Supplement to Advanced Arithmetic, by A. W. Plummer, 89; Primary Ex- 
ercises in Arithmetic, by H. J. Silver, 89; Solution Book, by J. T. Fairchild, 89; 
Advanced Arithmetic, by Wm. W. Speer, 89; Advanced Arithmetic, by E. MeN. 
Carr, 89; Primary Arithmetic, by E. MeN. Carr, 89; Essentials of Arithmetic, 
by G. A. Southwork, 89; The Public School Mental Arithmetic, by J. A. Me- 
Lellan, 90; American Elementary Arithmetic, by M. A. Bailey, 90; Plane Trig- 
onometry and Tables, by D. A. Murray, 90; The Teaching of Elementary Maih- 
ematics, by D. E. Smith, 120; Plane and Solid Geometry, Revised Edition, by 
G. A. Wentworth, 121; Algebra for Schools, by G. W. Evans, 121; Infallible 
Logic, by Th. D. Hawley, 121; Rational Elementary Arithmetic, by H. H, Bel- 
field, 148: First and Second Books in Arithmetic, by F. M. Wiemer and M. A. 
Bailey, 149; Manual of Experimental Physics, by F. R. Nichols, C. H. Smith, 
and C. M. Turton, 149; Nine Ninety-Nine Graded Problems in Arithmetic, by 
F. V. Lester, 149; Lessons in Arithmetic, by GC. L. Howard, 149; Graded Les- 
sons in Arithmetic, by W. F. Nichols, 149; Gay’s Problems in Arithmetic, 149; 
First Steps in Arithmetic, by E. M. Pierce, 149; The Werner Arithmetic, by F. 
H. Hall, 149; Rand-McNally Primary Arithmetic, by E. C. Hewett, 150; Grad- 
ed Work in Arithmetic, by 8S. W. Caird, 150; Lippincott’s Arithmetic, by J. M. 
Rawlins, 150; The American Monthly Review of Reviews, by A. Shaw, 150; 
Plane and Solid Geometry. by A. A. Dodd and B. F. Chase, 180; A Brief His- 
tory of Mathematics, by W. W. Beman and D. E. Smith, 180; Elements of Al- 
gebra, by W. W. Beman and D. E. Smith. 180; Theory and Practice of Inter- 
polation, by H. L. Rice, 203; School Arithmetic, by J. M. Colaw and J. K. Ell- 
wood, 2038; An Elementary Physies for Secondary Schools, by C. B. Thwing, 
203; Higher Algebra, by J. T. Downey, 204; Holden’s Ele mentary Astronomy, 
204; History of English Literature, by F. V. N. Painter, 204; Plane Trigonom- 
etry with Tables, by E. A. Lyman and E. C, Goddard, 204; Essentials of Plane 
and Solid Geometry, by W. Wells, 204; Mental Arithmetic, by E. Weidenhamer, 
204; The New Complete Arithmetic, by D. M. Sensenig and R. F. Anderson, 
205; The Elements of Arithmetic, by E. M. Pierce, 205; The Wooster Arithmetic, 
205; The Elements of the Differential and Integral Calculus, by J. W. A. Young 
and E. E. Linebarger, 205; The Gospel According to Darwin, by W. Hutehi. 
son, 205; School Arithmetic, by J. M. Colaw and J. K. Ellwood, 236; Popular 
Astronomy, by W. W. Payne and H. C. Wilson, 286; Logarithmic and Trig- 
nometric Tables, by D. A. Murray, 275; Notes on the History of American Tewt- 
Books on Arithmetic, by J. M. Greenwood and A. Martin, 276; Elements of Al- 
gebra, by James M. Taylor, 301; The Elements of Astronomy, by Sir Robert 
Ball, 301; The Principles of Mechanics, by Frederick Slate, 301; Calculus with 
Applications, by Ellen Hayes, 302; Differential and Integral Calculus, by E. 
W. Nichols, 302; Esercizi ed Applicazioni di Trigonometria Piana, by Christo- 
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foro Alasia, 302; Plane Trigonometry, by W. P. Durfee, 302; Complete Trigo- 
nometry, by Webster Wells, 302; Famous Geometrical Theorems and Problems, 
by Wm. W. Rupert, 302; Mensuration, by S. A. Furst, 303; The Hall Arith- 
metics. by F. H. Hall, 303; New Practical and New Higher Arithmetics, by A. 
W. Rich, 303; Hornbrook’s Grammar School Arithmetic, by A. R. Hornbrook, 
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DIOPHANTINE ANALYSIS (See Solutions and Problems). 


GEOMETRY (See Solutions and Problems. ) 
MATHEMATICAL PAPERS— 


Baker, A. L., Diagrammatic Proof of the Condition of Functionality in Com- 


Collins, J, V., An Elementary Exposition of Grassmann’s ‘‘Ausdehnungs- 
lehre,”’ or Theory of Extension. . . .81-35, 163-166, 181-187, 207-314, 253-258, 281-285 


Emch, Arnold, On the Projectivity of Stresses in a Plane................... 134-135 
Halsted, Dr. G. B., Gauss and the Non-Euclidean Geometry ......... ..... 247-252 
The International Congress of Mathematicians .....................00085 188-189 


Heal, W. E., Expression of Riemann’s P. Function as aDefinite Integral.... 155-166 
Metzler, Prof. W. H., On a Determinant, Each of Whose Elements is the 


Miller, Dr. G. A., Examples of a few Elementary Groups................... 9-13 

A Popular Account of Some New Fields of Thought in Mathematies ...... 91-99 

Some Methods of Constructing Substitution Groups .... ....... ........ 277-281 
Miller, Hugh A., Twenty-Fifth Anniversary of Pedagogic Activity of Vasilief, 215-216 
Roe, Dr. E. D., On the Transcendental Form of the Resultant........ .. 59-66 
Stevens, James 8 , Forecasting the Census Returns......... ... 160-163 
Stokes, G. J., Theory of Mathematical Inference .... 1-8 


Whitaker. H. C., An Elementary Derivation of the Series for sinz and cosx, 99-100 
Zerr, G. B. M., Integration of Elliptical Functions.,...................... ; 

MISCELLANEOUS (See Solutions and Problems). 
NOTES— 

Note on Problems 118 and 119, Arithmetic, by the Editor, 17; Note on Prob- 

lem 84, Caleulus, by Dr. E. Woelfing, Stuttgart, Germany, 19; Note on 

Problem 98, Algebra, by the Editor, 40; Note on Problem 118, by W. H. Car- 

ter, 44; Note on Prize Problem 86, by the Editor, 48; Note on Problem 118, 

by Geo, R. Dean, 78; Note on Problem 95, by Florian Cajori, 111-112; Note 

on the Solar Eclipse of May 28th, by the Editor, 147; Note on Prize Problem 

104, Algebra, by the Editor, 172; Note on Problem 129, Arithmetic, by the 

Editor, 190; Note on the General Equation of the Second Degree, by Geo. R, 

Dean, 217-218; Note on Problem 138, Geometry, by the Editor, 227-228 ; Note 

on the Pythagorean Proposition, by Prof. D. A. Lehman, 228; Note on Prob- 

lem 110, Algebra, by B. F. Yanney, 263. 


QUERY. When find value of ab[—b+/2a*—b*] 
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